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Waves & Coffee -
lonospheric Physics

Is the plasma angular frequency important?
By Stephen W2WF

Let’s take a detour away from antenna physics in this column and look at our propagating
electromagnetic waves as they go up into the atmosphere. Of course, we know that after
leaving our antenna, the E&M waves go out in directions specified by their radiation pattern.
For example, an idealized dipole antenna will radiate in the expected doughnut shape. The
question to consider here is what happens when these E&M waves hit the ionosphere?

Before we can tackle that question, we must define our terms. What is a plasma? In the
context of physics, the typical answer is that it’s highly ionized gas or the “fourth state of
matter”. It is much more than that since a plasma is very electrically conducting, has long
range interactions, and can consist of both electrons and ions.

So, our simple model of the ionosphere will be a slab of plasma that gets hit by a time varying
electric field E. To keep the math manageable, we’ll assume that there’s no magnetic field
involved, only the E field. We’ll also assume that we only have an electron plasma, so no ions,
nor neutral atoms, will be complicating our analysis.

Even with these assumptions we’ll see that the physics point to a quantity of practical interest:
the Plasma Frequency. It is this quantity which depends on the density of the plasma that
tells us the cutoff frequency of the plasma. This is perhaps better known to hams by its other
name: the MUF or maximum usable frequency of the ionosphere.

Let’s start with a diagram showing our electric field E and its z
transverse magnetic field B. No worries, we’ll do away with
the B field right off the bat. This will be our first simplifying
assumption.

As with many problems in classical physics we start with
Newton’s 2" law of motion, commonly referred as “Newton
1.
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Where:

F= force
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m = Mmass

a = acceleration

the acceleration can be written as the second derivative of the position vector with respect to
time,

d?x
= m—
dt?

Furthermore, the force F is due to the electric field, since we’re assuming no magnetic field,
F =qE
where q is the charge of the particle under study.

Now we make a big assumption, we’ll only consider sinusoidally varying electric fields

E propagating upwards from our radio antenna up to the ionosphere at frequency w. So, no
lightning bolts giving us a step function E field or anything weird like that will be considered.
Only laid back E fields allowed here!

E = E elvtz
(1)
Since our E field exists only along an arbitrarily defined x axis we’ll only consider the

x direction in our analysis. Also, in this derivation we’ll use the standard convention of i =
v—1 since we’ll be using J for the current density.

So, we write Newton Il only in the x direction and set it equal to the E, component of the field,

ilwt d2x
qE,e'®t = mﬁ
Integrating once,
qu eiwt _ m%
(iw) dt

Using equation (7), rearranging terms, and recalling that we’re only considering the x direction,

dx  qE

dt  (imw)
and multiplying times (f) to simplify,

dx  iqE

dt  mw

(2)
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Next, we consider a very simple model of the ionosphere: a parallel plate capacitor. As
shown, this will consist of a conducting electrode
on top connected to a voltage source, a conducting
electrode on bottom that provides a return path for
the current, and a dielectric material sandwiched in
the middle.

Electrodes

Mathematically we express this in terms of the
N '/ current in the dielectric element. In that dielectric,
we’ll have free charges as well as bound ones.
Also, since we don’t want to be concerned with a
specific size of electrodes or plates, we won’t consider current / but rather current density J.
So, let’s write down what we expect the current density to be.

Dielectric material

]Total = ]Free + ]Bound

Electric Field (E)
CapacitorPlate — CapacitorPlate 1 N€ Jpree t€rm is due to conduction or convection
particles contributing to the current density. The
/_\

- + \ Jsouna term is due to the electrons being polarized
by the applied electric field. Note that they’re not
/_\ = + /_\ yanked away from 'the atom, they re still attaghed,
- + ) wm , (N + just tugged a little in the direction of the applied
- . _+ - electric field. We refer to this component as D or

A ™= = ae electric displacement.

- + - +

- + Since we’re looking at currents, we look at the rate

‘,/\ -|+ /\\‘ of change as a function of time of the electric
+ + displacement D. Writing this down mathematically

/,

) . .
7 ~ - + we get for the Total current density:
Dielectric Material
Bound Charge \ D
Free Charge ]Total ]Free + E

(3)
In our case we’re looking at the dielectric being the plasma up in the ionosphere. We assume
that the only charges that we’ll consider are the electrons in that plasma.

As mentioned, the electric field of our waves hitting the ionosphere will be sine waves. This
makes sense since our radio waves being sent up to the ionosphere are sine waves.

Which gives,

3
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i e E,e™t(iw) = iwe, E

(4)
Now let’s look at J... Since we’re looking at currents, voltages, and resistances we call up

Ohm’s law: V = IR. When written in terms of conductance, current density, and E fields, it is:
Jrree = 0 E

where o = electrical conductivity, E = electric field, and Jg e, =

current density of conduction or convection

We can also write /... as the electron density times the charge times the speed by which they
“drift” under the influence of the electric field,

dx
]Free = nq <E)

(5)
Insert equation (2) into equation (5) and get,
iqE
]Free = nq <_M)
inq*E
]Free = - mw
So, using equation (3), the total current density inside our plasma due to electrons, J;,:q: IS
written like this,
ing’E
]Total = - + la)€0E
Or,
. n.qe°
]Total = la)€0E (1 - 0_)260171.6)
(6)

Where we’ve added the e subscript to make very clear that we’re only talking about the
density, charge, and mass of electrons.

Next, we identify the following term in equation (6) and call it the plasma frequency:

2
n.q,

€M,

Lastly, our equation (6) becomes,
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w,®
]Total = iw60E< - )

w?

Observations:

1) When ‘w = wpy]Total = 0, if ‘w > wpy]Total > 0], if ‘w < wpy]Total <0

a. So at an angular frequency of w, we get a “cutoff” of the current.

b. At angular frequencies above and below w, the total current density changes
sign.

2) All the terms in our equation for plasma frequency are constants except for n, , the
density of electrons.

3) The angular plasma frequency can be expressed as a linear frequency approximately as
follows:

Plugging in values for the electron density n, in the atmosphere, gives us physically interesting
frequency cutoffs that correspond to ham radio, aerospace communication, etc.:

1) F layer (night), n, = 10" m™ = f, = 2.85x10° = 2.8 MHz.
2) At 85 Km altitude, n, = 10" m™ = f, =90x 10° = 90 MHz.

3) Reentry capsule, n, = 10'®*m™ = f, =9x10° = 9 GHz.
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