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Waves & Coffee – The 
Finite Dipole antenna 
The math behind the halfwave dipole antenna 
By Stephen W2WF 
 

This is the last installment of this series where we’ll derive the equations for the Finite Dipole 
antenna.  Let’s recall the previous steps of the journey that got us to this point: 

Infinitesimal Dipole                        Small Dipole                              Finite Dipole 

“Hertzian Dipole antenna”  à  “Small Dipole antenna”  à  “Finite Dipole antenna” 

L <= l/50                                       l/50 <= L <= l/10                      L ~l 

Current is a constant                   Current approximates          Current is a half sine wave 
                                                       a half sine wave   

  

Our journey started by studying an idealized antenna called the Hertzian dipole, which uses a 
constant current distribution.1 Next, we discussed the more realistic, but still idealized case 
where the current distribution was a triangular current distribution.2  Now, we’ll finish off the 
series by switching our model to use a realistic sine wave current distribution. 

As before we’ll go from the vector potential A to the Magnetic field and then to the Electric 
field.  The difference this time is that we’ll use an expression for current I that cannot be 
simply “taken out from underneath the integral” but rather we’ll have to do the integral.  Here, 
we’ll skip the math details so we can focus on the physics. 

Still, the payoff will be considerable.  We’ll get the full expressions for E and B fields and see 
that they contain this weird “cosine of a cosine” term. 
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Finally, we’ll look at the very interesting case when the wavelength is ½ the length of the 
antenna.  That is, we’ll get the expression for the half wavelength dipole.  Ok, let’s get 
started! 

As before we begin with the definition of the Vector Potential 𝑨(𝑥, 𝑦, 𝑧): 

𝑨(𝑥, 𝑦, 𝑧) = 	
𝜇!
4𝜋 ∫ 𝑰(𝑥

", 𝑦", 𝑧")
𝑒
𝑅
#$%&

𝑑𝑙" 

Next, we look at the geometry of our model and invoke the far field approximation for the 
phase and amplitude terms, 

Far field approximation:	 

For the Phase terms:        𝑅	 ≅    𝑟 − z′cos 𝜃 

For the Amplitude terms:   𝑅	 ≅    𝑟 

We consider a sinusoidally varying current 
distribution along the z axis since our 
dipole antenna is laid out vertically along z. 

Notice from the diagram on the left that no 
current will exist in the x and y directions, 
only in the z direction. 

 

The current 𝑰(𝑥", 𝑦", 𝑧")	 for the halfwave dipole antenna is this: 

𝑰(𝑥" = 0, 𝑦" = 0, 𝑧") = 𝒂>𝒛𝐼( sin B𝑘 D
𝑙
2 − 𝑧′FG 			𝑓𝑟𝑜𝑚	0	𝑡𝑜	

+𝑙
2 	 

𝑰(𝑥" = 0, 𝑦" = 0, 𝑧") = 𝒂>𝒛𝐼( sin B𝑘 D
𝑙
2 + 𝑧′FG 			𝑓𝑟𝑜𝑚	

−𝑙
2 	𝑡𝑜	0 

Plug it into our vector potential equation to get: 

𝑨(𝑥, 𝑦, 𝑧) = 	
𝜇!
4𝜋

𝐼(𝑒
𝑟

#$%)
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From this vector potential, we get the B field and E field equations: 

𝑩(𝑟, 𝜃, 𝜑) ≅ 	𝒂2 	
𝑗µ(𝐼!
2𝜋 	

𝑒#$%)

𝑟 M
cos S𝑘𝑙2 cos 𝜃T − cos S

𝑘𝑙
2 T

sin 𝜃 O 
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𝑬(𝑟, 𝜃, 𝜑) ≅ 	𝒂/ 	
𝑗𝑍!𝐼!
2𝜋 	

𝑒#$%)

𝑟 M
cos S𝑘𝑙2 cos𝜃T − cos S

𝑘𝑙
2 T

sin 𝜃 O 

Now in the interesting and very useful case of the halfwave dipole we take, 

𝑘 =
2𝜋
𝜆 	and		𝑙 =

𝜆
2 

Plug those values into our E and B equations above and get the following, 

𝑬(𝑟, 𝜃, 𝜑) ≅ 	𝒂/ 	
𝑗𝑍!𝐼!
2𝜋 	

𝑒#$%)

𝑟 M
cos S𝜋2 cos𝜃T

sin 𝜃 O 

𝑩(𝑟, 𝜃, 𝜑) ≅ 	𝒂2 	
𝑗µ(𝐼!
2𝜋 	

𝑒#$%)

𝑟 M
cos S𝜋2 cos 𝜃T

sin 𝜃 O 

From these two equations it’s straightforward to get the average power and the radiation 
resistance formulas for the halfwave dipole antenna in the far field: 

P&34 =	
𝑍!𝐼!1

2𝜋 	(1.21883) 

R&34 =	
𝑍!
2𝜋	

(1.21883) 

Looking at the specific case of free space, 𝑍! = 377	𝑜ℎ𝑚𝑠, gives us the radiation impedance of 
the halfwave dipole antenna in free space due to our thin wire antenna to be: 

R&34 =	
377
2𝜋 	

(1.21883) = 73.13	𝑜ℎ𝑚𝑠 

If you want to go through the detailed mathematical steps for the above, I refer you to step by 
step derivations in video format in the endnotes. 3  
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1 http://bvarc.org/Tech/hertzian.pdf 
2 http://bvarc.org/Tech/smallDipoleAntennav1_tech.pdf 
 
3 https://youtu.be/2NEntqSZErw?si=s_bRE4wQjW2XmJ6f Finite dipole; https://youtu.be/JiznK6UBbHs?si=3qNaVtnsFVW08EXy 
Half wavelength dipole. 


