
W2WF  January 18, 2026 

1 

Waves & Coffee –  
Telegrapher’s Equations - Part II 
Oliver Heaviside’s work that enabled telegraphy 
By Stephen W2WF 
 

This is the second half of the derivation of the 
Telegrapher’s equations of Oliver Heaviside.  In the first 
part of this series, we derived the first of the 
Telegrapher’s equations using Kirchoff’s Voltage Law 
(KVL) and lumped circuit analysis.  This time we’ll use 
Kirchoff’s Current Law (KCL) and a similar analysis to 
come up with his second equation.   

A reminder of how amazing and fascinating an individual 
was Oliver Heaviside is in order.  He was a scientist who 
lived in the 1800’s and was mostly self-taught.   

He didn’t come from a wealthy family; his dad was a 
wood engraver.  He excelled in natural history at 
grammar  school, like our high school, but did not attend 
university likely due to financial reasons.  This however 
didn’t slow down his life pursuits; he taught himself 
advanced mathematics! 

Mr. Heaviside had a strong sense of physical intuition 
which guided his mathematical studies.  One result of 
this work, in addition to many others, was his discovery of a branch of mathematics called 
“Operational Calculus”.  In a nutshell, these are a set of mathematical techniques for solving 
equations that have derivatives in them by turning them into algebraic equations.  The latter 
are much easier to solve than the former.  On his own, Mr. Heaviside came up with a variation 
of the “Laplace transform method” for solving equations with derivatives.  This is so useful in 
applied science that it’s taught as part of the standard undergraduate physics & engineering 
curriculum.  Mind you, he did this without a formal education beyond grammar school! Quite 
an accomplishment! 

Now, back to our story of the Telegrapher’s Equations and the math behind it.  Recall that our 
strategy was to first model our transmission line by drawing it as a circuit diagram and then 
apply Kirchoff’s Voltage Law (KVL) and Kirchoff’s Current Law (KCL). 
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Where, 

	𝑅 = 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒	𝑝𝑒𝑟	𝑢𝑛𝑖𝑡	𝑙𝑒𝑛𝑔𝑡ℎ	 

𝐿 = 𝐼𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒	𝑝𝑒𝑟	𝑢𝑛𝑖𝑡	𝑙𝑒𝑛𝑔𝑡ℎ	 

𝐶 = 𝑐𝑎𝑝𝑎𝑐𝑖𝑡𝑎𝑛𝑐𝑒	𝑝𝑒𝑟	𝑢𝑛𝑖𝑡	𝑙𝑒𝑛𝑔𝑡ℎ	 

𝐺 = 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒	𝑝𝑒𝑟	𝑢𝑛𝑖𝑡	𝑙𝑒𝑛𝑔𝑡ℎ 

𝒢 = 𝑐𝑜𝑛𝑑𝑢𝑐𝑡𝑎𝑛𝑐𝑒	 

ℛ = 𝑟𝑒𝑠𝑖𝑠𝑡𝑎𝑛𝑐𝑒 

In Part I of this two part series, we found the first of the “Telegrapher’s Equations”: 

𝜕𝑉(𝑥, 𝑡)
𝜕𝑥 = 	−𝑅	𝐼(𝑥, 𝑡) 	− 𝐿

𝜕𝐼(𝑥, 𝑡)
𝜕𝑡  

( 1) 
 

The second equation comes from applying KCL at this node: 
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Incorporating 𝒢	 as the conductance and expressing Ohm’s law in terms of conductance: 𝑉 =
𝐼ℛ ⇒ 𝑉 = 𝐼

𝒢A ⇒ 𝐼 = 𝒢	𝑉	.  Looking at the current entering and leaving the node above the 
capacitor, KCL gives: 

𝐼(𝑥 + 𝑑𝑥, 𝑡) − 𝐼(𝑥, 𝑡) = 	−	𝐺	𝑑𝑥	𝑉(𝑥, 𝑡) 	− 𝐶	𝑑𝑥	
𝑑𝑉(𝑥, 𝑡)
𝑑𝑡  

Dividing both sides of the equation by 𝑑𝑥 and taking the limit as 𝑑𝑥	 → 0 

lim
!"→$

	
𝐼(𝑥 + 𝑑𝑥, 𝑡) − 𝐼(𝑥, 𝑡)

𝑑𝑥 = 	−	𝐺	𝑉(𝑥, 𝑡) 	− 𝐶	
𝑑𝑉(𝑥, 𝑡)
𝑑𝑡  

This gives the second of the “Telegrapher’s Equations”:  

𝜕𝐼(𝑥, 𝑡)
𝜕𝑥 = 	−	𝐺	𝑉(𝑥, 𝑡) − 𝐶	

𝜕𝑉(𝑥, 𝑡)
𝜕𝑡  

( 2) 
 

The last step is to deduce the wave equation that Heaviside derived and published in 1892. 

For that we take the derivative with respect to 𝑥 of equation (1)  

 

𝜕%𝑉(𝑥, 𝑡)
𝜕𝑥% =	−𝑅

𝜕	𝐼(𝑥, 𝑡)
𝜕𝑥 	− 𝐿

𝜕
	𝜕𝑡 [

𝜕𝐼(𝑥, 𝑡)
𝜕𝑥 ] 

and plug in equation (2) to get: 

𝜕%𝑉(𝑥, 𝑡)
𝜕𝑥% = 	𝑅 J𝐺	𝑉(𝑥, 𝑡) + 𝐶	

𝜕𝑉(𝑥, 𝑡)
𝜕𝑡 K + 	𝐿	

𝜕
𝜕𝑡 J𝐺	𝑉

(𝑥, 𝑡) + 𝐶	
𝜕𝑉(𝑥, 𝑡)
𝜕𝑡 K	 

Next, we take the time derivative of the 2nd term in the right-hand side of the equal sign, 

𝜕%𝑉(𝑥, 𝑡)
𝜕𝑥% = 	𝑅𝐺	𝑉(𝑥, 𝑡) + 𝑅𝐶	

𝜕𝑉(𝑥, 𝑡)
𝜕𝑡 + 	𝐿	𝐺	

𝜕𝑉(𝑥, 𝑡)
𝜕𝑡 + 𝐿𝐶	

𝜕%𝑉(𝑥, 𝑡)
𝜕𝑡%  

and combining terms gives the full wave equation for a transmission line.   

𝜕%𝑉(𝑥, 𝑡)
𝜕𝑥% = 	𝑅𝐺	𝑉(𝑥, 𝑡) + (𝑅𝐶 + 𝐿𝐺)

𝜕𝑉(𝑥, 𝑡)
𝜕𝑡 + 𝐿𝐶	

𝜕%𝑉(𝑥, 𝑡)
𝜕𝑡%  

( 3) 
 

Note that this equation is a both a wave equation and a diffusion equation; furthermore, it  
doesn’t have an exact solution but is normally solved by setting 𝑅 = 𝐺 = 0.  Doing that results 
in the so called “d’Alembert formula” since Mr. Jean le Ronde d’Alembert derived it in 1787 as 
a solution to the vibrating string problem. 
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Interestingly, at first Heaviside’s 1892 papers show the exact same wave equation (3), but with 
𝐺 = 0.  In other words, he did not include the leakage conductance term initially.  It is only in a 
subsequent paper that he considered the leakage conductance in his analysis.  I found his 
papers not easy to read so I’ve included both references in case of interest. 
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